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LECTURE 16: EXTREMUM USING LAGRANGE MULTIPLIERS

Lagrange Multipliers

Suppose we want to extremize f (x, y) = x2 +2y2 subject to the constraint x2 + y2 = 1 (this is restricting
the domain of f to the constraint and finding max and min values). We’ll approach this geometrically.
It turns out that the smallest and largest valued level curves intersect the graph of the constraint tan-
gently, that is, if we view the constraint as a level curve of a function g (x, y) = k, (g (x, y) =−x2−y2 =−1
in this example), then ∇ f is parallel to ∇g . Let’s formalize this:
Say we want to extremize f (x, y, z) subject to the constraint g (x, y, z) = k, a level surface of g . Suppose
P = (x0, y0, z0) is an extreme point and let ~r (t ) = 〈x(t ), y(t ), z(t )〉 be a curve on the constraint surface
such that ~r (t0) = P . We’ve learned that ∇g (P )⊥~r ′(t0). Recall that we are looking for the "highest and
lowest" points on the graph of f (x, y, z) over the surface g = k. So, since~r (t ) lies on g = k, we can plug
it into f and get: h(t ) = f (~r (t )), the values of f over ~r . Since ~r (t0) = P , h(t ) hits an extremum at t0

meaning that h′(t0) = 0. So:
h′(t0) =∇ f (~r (t0)) ·~r ′(t0) = 0

But, this is true for all curves~r (t ) in g = k passing through P . So, we have ∇ f ⊥g = k at P . But, since
∇g⊥g = k at P , that must mean ∇ f (P ) is parallel to ∇g (P ). So ∇ f (P ) =λ∇g (P ).
λ is called a Lagrange Multiplier.

Method of Lagrange Multipliers

Assume that ∇g 6=~0 on g = k and that extreme values of f = f (x, y, z) subject to g = k exist. To find
them

1. Find all quadruples (x, y, z,λ) solving the system:

{ ∇ f (x, y, z) =λ∇g (x, y, z)
g (x, y, z) = k

⇐⇒


fx =λgx

fy =λg y

fz =λgz

g = k

2. Evaluate f at all the (x, y, z) generated from step 1 and identify the maxima/minima.
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Example 1. Find the extreme values of f (x, y) = x2 +2y2 subject to the constraint x2 + y2 = 1.

We find the minimum values of our function (blue) when constrained (or intersected) with the
cylinder x2 + y2 = 1 (red).

Solution:
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Let’s see an example which also brings in ideas from the previous section*.
Example 2. Find the extreme values of f (x, y) = e−x y on the region x2 +4y2 ≤ 1.

Solution:
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Extra Example Problems

1. Use the method of Lagrange multipliers to find the the point on the plane 2x − y + 3z + 14 = 0
closest to the origin.

2. Find the absolute maximum and absolute minimum of

f (x, y) = 1−x2 − y2

over the region D = {
(x, y) : x2 + 1

2 y2 ≤ 1
}
. Apply Lagrange multipliers to find absolute maximum

and minimum values on the boundary x2 + 1
2 y2 = 1.

3. Find the minimum value of
f (x, y, z) = x2 + y2 + z2

with respect to the constraint x2 y z = 2 and the point(s) where the minimum value is achieved.
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