University of Notre Dame Calculus III

LECTURE 25:

Vector Fields

Definition 1. A vector field on R? is a function F which assigns to each point (x, y) in its domain a 2-D
vector F(x, y). We often write F in terms of its component functions:

F(x,y) = (P(x,3),Q(x, 1)) = P(x, )i + Q(x, )]
=(PQ)=Pi+Qj

Of course there are vector fields on R? as well:
F(x,y,2)=(PQ,R) = Pi+ Q] + Rk

Let’s sketch some vector fields:
Example 1. Sketch the vector field:

Fx,y)=(-1,1) F(x,)=(x,3) F(x,y =(2y,0)

Solution:

F(x,y) =(-1,1)
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An example from physics:

Suppose there is a body of mass M at (0,0,0). The gravitational force exerted on a body of mass m with

position vector R= (ry=<(x,y,2)1is

mMG T

F(x,y,2) = R(F) = - i

Gradient Vector Fields

Definition 2. A gradient vector field is a vector field of the form V f for some function f(x, y) or f(x,y, z).

So
Vf(X,y) = <fxrfy>

Example 3. F = (x, y, z) is the gradient vector field o

We call a vector field F conservative if there exists some scalar function f such that F = Vf. The
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Vf(x; ) z) = <fx»fy;fz>

Example 2. F=(-1,1)is the gradient vector field where f =y —x

ff:%(x2+y2+zz)

scalar function, f, is called the potential function for F.

Extra Problems
1. Plot the vector field F(x, y) = (—y, x).

2.
contour map of f. How are they related?

Find a potential function for the vector field

F = (2xIn(y) +3x2)i+(

x +cos(y)
y

i

Find the gradient vector field of f(x,y) = x’y — y°. Plot the gradient vector field together with a




Line Integrals

Suppose we have a curve C, parametrized by 7(t) = (x(t), y(t)), a< t < b, in R? which is smooth. Let
f(x,y) be afunction whose domain includes C. We could ask about integrating f along C... how would
we do this? Same idea as usual: cut C into pieces and take sample points and create a Riemann sum.
We do this using 7:

Cut up [a, b] into n pieces [#;_1, £;] and let P; = F(;), 0 < j < n. This cuts C into n pieces of arclength
AS;. Inside each [¢;_1, t;], choose a sample tlf*. This gives us sample points along C : (xlf‘,y;‘) = ?(tlf").
Thus we define

n
fpds= ,}iggozlf(X?’YT)ASi
1=

Recall the arc length function
t
s(t) = f 17wl du
a

So

d
d—‘; — 17Ol = ds=|IF'(0)]| dt

The effective way to compute [ f(x,y) dsis

b
fcf(x,y)dSZf FEOIFWIldt

(Notice there is nothing stopping us from having a curve C in R® and a function f = f(x, y, z). The right
side of the formula will be exactly the same.) The integral [, f ds is called a scalar line integral or an
integral with respect to arclength or a line integral of f along C.

Example 4. Compute the line integral of f(x, y) = 18)° along the piece of the curve x = y° from (-1,—-1)
to (1,1).

Solution:

First, parametrize the curve C: letting y = ¢ gives x = 13, so 7(t) = (£3, 1). Notice 7(-1) = (-1,-1) and
7(1) = (1,1) when ¢ = 1, so the bounds are —1 < t < 1. Now 7'(¢) = (3¢,1), so ||7'(£)|| = V94 + 1. Thus,

1 1 10
f18y3ds:f 1853V9t4+1dt==| Vudu=0
C 1

- 2J10

If C is a piecewise-smooth curve,i.e., a collection Cj,...,C, of smooth curves joined end on end.

Then,
fcfds:quds+---+fnfds

Application Suppose we have a thin wire bent in the shape of a curve C (in R? or R%) with linear density
function p. Then the mass of the wire is m = [ p ds and the center of mass has coordinates:

1 1 1
X=— d y=— d Z=— d
* mfcx'o ’ Y mfcyp ’ “ mfcz'o ’
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In the definition of [, f ds, replacing As, by simply Ax; or Ay; yields two other types of line integrals:

the line integral of f along with respect to
* X

b
fcf(x,y)dx:f fFE)X (ndr

b
fcf(x,y)dy:f fFE@) Y (n)drt
a

where C is parametrized by 7(#) = (x(1), y(£)), a< t < b.
There’s even the case where these happen together

fP(x,y)dx+Q(x,y)dy:fde+dey
C C C

Example 5. Compute the line integral [ ydx —xdy+ zdz where C is the path given by
a) Cy: 71(t) ={cost,sint, t),0<t<2n

b) C,: line segment from (1,0,0) to (1,0, 27)

¢) Cs: line segment from (1,0, 27) to (1,0,0)

Solution:

a) Plugin 7y:

21
ydx—xdy+zdz:f (sintd(cost) —costd(sint) +tdt)
c 0
1 2n 2n
:f (—sin®tdt—cos* tdt + tdt)dzf (t-Ddt=2n(m-1)
0 0

b) Parametrize
(1) = (1-16(1,0,0) + £{1,0,27m) = (1,0,27t)

0<t<1So
1
fydx—xdy+zdz:f 0d1)—-1d0)+2ntd(2nt))
0) 0
1
:f ar’tdt = 27°
0
c)
?3(” = <]-)0)27T(]- - t))
0=<t=<1So

1
ydx—xdy+zdz:f 0d1)-1d0)+27(1 -0 d2r(1-1)))
Cs 0

1 1
=f Zﬂ(l—t)(—ant):—sz (1-0dt=-2n°
0 0

Notice how a) and b) started and ended at the same spot, but yielded different answers. This means
these types of integrals depend on the path of integration. Notice how the path in b) and c) is the
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same, just traveled in opposite directions. This implies dependence on the orientation of the path of
integration (direction of travel) as well. In particular, the answers are negatives of each other. If C has
an orientation, —C denotes the same curve with opposite orientation. We have

f_cfdx:—fcfdx
[ ray=-| ray
f_cfdz:—fcfdz

However, since arclength doesn’t depend on orientation,

]:Cfds:fcfds

dex+Qdy+Rdz
C

Consider again the line integral

We can rewrite it as

fde+Qdy+Rdz:f(P,Q,R)-(dx,dy,dz)
c C

:fﬁ.d?
C

Where F(x, y,z) = (P,Q, R) is avector field and 7 = (x, y, z). These integrals are called vector line integrals

or line integrals of F along C. Their main purpose is to compute work.

Let’s suppose we have a particle moving along a path C in the presence of a force field F. For constant
forces ' the work performed in moving in a straight line is W = F-d, where d is the displacement vector.
In the (usual) case when C is not a straight line, we approximate the work done over small segments of
C, then add them up.

The work performed over the segment from P;_; to P; is
~ F(P})-T(t))As;
giving, in the limit

n—»oo

= lim ZW,— lim ZF(P ) T(t; )As,_fﬁ-Tds

Using known facts:

’ﬂt

—f ﬁ(?(t))-( ro )nrmndt)
B IF (DIl

W= P
[

Example 6. Compute fcﬁ- d7 where F = (xy,3y2) and C is parametrized by 7(¢) = A1, 3, 0<t<1.

(F(1) - ?’(t)dt—fF dr



Solution:

7 (1) = 4413312, E(F(1)) = (117,315 then
E@E0)-7'(r) = 48410 + 948

So,

- 1 1
fF-d?:f 4841 + 918 dr = (44t + %) =45
C 0 0

Example 7. Find the work done by F = (¢%, xz, x + y) in moving a particle from the origin to (1,1,-1)
along 7(t) = (t2, 13, 1).

Solution:

7(0) =(0,0,0Y and 7(1) =(1,1,-1)so 0 < t < 1 then
EF) =(e !, -3, >+ 1), () = (21,3¢%,-1)
FFEW)-F(n=2te ' =-3°-*-13
Then
1 N 1
W:f F(?(t))-?'(t)dt:f (2te™" =32 —* - %) dt
0 0

1 1 1\ !
= (—Zte_t—Ze_t——tG——tB——lA)‘

Lo 111 ., 6 4 3 24
=|-2¢ -2 -2 -Z-= +2=—de - — - — -1
2 3 4 12 12 12 12
11
= — —4e!
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