
University of Notre Dame Calculus III

LECTURE 31: SURFACE INTEGRALS

Surface Integrals

Definition 1. The surface integral of f over S (or scalar surface integral) is given by

∫ ∫
S

f dS =
∫ ∫

D
f (~r (u, v)) ||~ru ×~rv ||d A

Example 1. Compute the surface integral
∫ ∫

S x y z dS where S is the piece of the cone z2 = x2 + y2 in
the first octant, below z = 1.

Solution:
First, parametrize the surface using cylindrical coordinates:

~r (r,θ) = 〈r cosθ,r sinθ,r 〉, 0 ≤ r ≤ 1,0 ≤ θ ≤ π
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~rr = 〈cosθ, sinθ,1〉, ~rθ = 〈−r sinθ,r cosθ,0〉

~rr ×~rθ =
∣∣∣∣∣∣

î ĵ k̂
cosθ sinθ 1

−r sinθ r cosθ 0

∣∣∣∣∣∣= 〈−r cosθ,−r sinθ,r 〉

||~rr ×~rθ|| =
√

r 2 cos2θ+ r 2 sin2θ+ r 2 =
√

2r 2 =p
2r

∫ ∫
S

x y z dS =
∫ π

2

0

∫ 1

0
r 3 cosθ sinθ(

p
2r )dr dθ =

p
2

5

∫ π
2

0
cosθ sinθdθ

=
p

2

5

(
1

2
sin2θ

)∣∣∣π2
0
=

p
2

10

An Application

If the surface S has density ρ(x, y, z), the mass of S is m = ∫ ∫
S ρdS and the center of mass is

(x, y , z) =
(

1

m

∫ ∫
S

xρdS,
1

m

∫ ∫
S

yρdS,
1

m

∫ ∫
S

zρdS

)
To continue with the next type of integral (also, the last!) we need to talk about the orientation of a
surface.

Definition 2. An orientation on a surface S is a choice of a continuous unit normal vector field on S.

Fact 3. If a surface is orientable, it has exactly two orientations

1



Ex:

(1) is orientable, but (2) is not.

If the two orientations are ~n1 and ~n2, then

~n1 =−~n2 .

If S is parametrized by~r (u, v), then

~n = ~ru ×~rv

||~ru ×~rv ||
−~n = ~rv ×~ru

||~rv ×~ru ||
are the two choices of orientation.

Definition 4. A surface which is the boundary of a solid is called a closed surface. On a closed surface,
the positive orientation is the outward one.

Example 2. Find the upward pointing orientation on the surface which is the graph of f (x, y) = x2 + y2

over x2 + y2 ≤ 9.

Solution:
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First parametrize the surface

~r (r,θ) = ~r cosθ,r sinθ,r 2, 0 ≤ r ≤ 3, 0 ≤ θ ≤ 2π

Then~rr = 〈cosθ, sinθ,2r 〉~rθ = 〈−r sinθ,r cosθ,0〉

~rθ×~rr =
∣∣∣∣∣∣

î ĵ k̂
−r sinθ r cosθ 0

cosθ sinθ 2r

∣∣∣∣∣∣= 〈2r 2 cosθ,2r 2 sinθ,−r 〉

||~rθ×~rr || =
√

4r 4 + r 2 = r
√

4r 2 +1

Was~rθ×~rr the right order? To check, we check its direction at a point on the surface:
Say we take (r,θ) = (1, π2 ),~r (1, π2 ) = 〈0,1,1〉,~rθ×~rr (1, π2 ) = 〈0,2,−1〉
This is pointing downward, so we chose the wrong one. To fix this, switch the order, i.e., multiply by
−1. So, ~n is

~n = ~rr ×~rθ
||~rr ×~rθ||

= 〈−2r 2 cosθ,−2r 2 sinθ,r 〉
r
p

4r 2 +1
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